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Abstract

By means of a weakly nonlinear stability analysis it is shown that the Hartmann boundary layer presents subcritical instability
in the proximity of the minimum linear critical Reynolds number. This gives further support to earlier speculations that finite
amplitude effects account for the discrepancies between the results of the linear stability analysis and experimental evidence on
laminarisation.
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1. Introduction

Magnetic fields are used in many engineering applications that involve electrically conducting fluids. They are employed,
for example, to drive flows, induce stirring, levitation or to suppress turbulence. Applications are found in the casting of metals
and the growth of semiconductor crystals [1]. In many of those magnetohydrodynamic flows the balance of Lorentz and viscous
forces along boundaries non-tangential to the magnetic field gives rise to Hartmann boundary layers. These layers act as a
channel for the electric currents and determine the velocity in the core of the flow in the laminar regime [2].

A linear stability analysis of the Hartmann layer was first carried out by Lock [3] neglecting the Lorentz force term in
the disturbance equations. The complete equations were later solved by Lingwood and Alboussiére [4] who found a critical
Reynolds number (based on the Hartmann layer thicknegg) &f48250. On the other hand, the laminarisation of magnetically
driven flows in ducts of rectangular cross section is experimentally observed to occur in the rangeR150250 [5]. If
transition in the Hartmann layers is to account for these observations, a plausible explanation for the discrepancy with the
predictions of the linear theory is that it is the result of nonlinear effects. While for these values of the Reynolds number the
linear analysis predicts stability to infinitesimal disturbances, the flow may be unstable to small but finite size disturbances
(subcritical instability). In this case, there will be a lower bound in the amplitude of the disturbance for the instability to
develop. Recent studies [6] have shown that even if the norm of the perturbations is below this threshold value, if the linear
stability operator is non-normal, they may still be amplified in the subcritical region of parameter space. Although this growth
is only transient, it may be strong enough for the amplitude of the perturbations to reach this critical value and trigger nonlinear
effects.

Information on the first stages of the evolution of the perturbed flow can be obtained with a weakly nonlinear stability
analysis. As described by Stuart [7], an amplifying disturbance in a laminar flow may reach such a magnitude as to distort the
basic flow and hence alter the exchange of energy between it and the perturbation. By energy arguments he showed that, near
the linear critical points, the evolution in time of the amplitudlef a finite size disturbance can be described by

dA
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an equation also proposed by Landau [8]. The coeffiaigritorresponds to the growth rate predicted by the linear theory and
a1 is the first correction (Landau constant) induced by the physical processes arising from nonlinearity. Beside the equilibrium
solution of the linear cased — 0), this nonlinear equation presents finite amplitude equilibrium solutidps given by

AE = —a—o, provideda—0 <0. 2)
ai ai

A new unstable equilibrium solution then exists in the subcritical regigr; 0, whenaq > 0. While the linear analysis implies
that an infinitesimal disturbance will decay, if the amplitude of the disturbance is largeAthiamvill diverge. In other words,
at first order the nonlinear effects are destabilising, which is known as subcritical instability, a phenomenon found to occur also
in plane Poiseuille flow [9]. For the supercritical regiag,> 0, a finite amplitude equilibrium solution will existif, < 0, and
in that case it will be stable. In consequence infinitesimal disturbances will initially grow exponentially according to the linear
theory, but they will eventually saturate #.. In the supercritical region then, nonlinear effects can have a stabilising effect,
called a supercritical stability, as it is the case of the Taylor vortices that develop in circular Couette flow.

Watson [10] extended Stuart’s work and established the scheme called the amplitude expansion method applicable to
arbitrary order. Based on the assumption that the disturbance equations are separable and the Landau equation is valid, he
proposed a perturbation expansion where the amplitude of the disturbance is the small parameter. In this work we apply this
method to determine the value of the Landau consiargtlong the linear neutral curve. At that point the linear amplification
rateag is zero and the stability is determined &y. This method has been applied to a variety of flows and the details of the
implementation vary. We follow the description of the method by Herbert [11] and Reynolds and Potter [12]. Although there
have been proposed several extensions of the procedure to points in the subcritical and supercritical regions, the validity of the
expansions away from the linear neutral curve was shown to be very limited [13]. Nevertheless, this type of analysis seems
to predict accurately the local bifurcation behaviour, in particular whether the bifurcation is supercritical or subcritical, as was
confirmed experimentally in the case of plane Poiseuille flow by Nishioka et al. [14].

2. Governing equations

We consider the Hartmann layer that arises in an electrically conducting flow over an infinite flat surface, perpendicular to a
uniform magnetic fieldB (Fig. 1). The free stream velociyy is in thex direction. The Hartmann layer on the surface can be
shown to have thickness(®a~1L) [2], where the Hartmann number is given by

Ha=LB. |, @)
oV

with o, p, v the electrical conductivity, density and kinematic viscosity of the fluid, respectivelyLamtypical length scale
of the flow. We will assuméda > 1, which is characteristic of most industrial applications.

Under the usual approximations in magnetohydrodynamics [15], and for small magnetic Reynolds numbers, i.e., assuming
that the external magnetic field is unperturbed by the induced magnetic field, the flow is described by

%-FV*VV*:%G*xB*)—%Vp*—i—szv*, (4)

V.v* =0, (5)

i* =(7(—V(p* +V* x B*), (6)

V-j*=0, (7
B a Uy

: Lﬂy

Fig. 1. Model of the flow studied.
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wherev* = (u*, v*, w*) is the velocity vectorj* is the current density vector fielgh* the pressures, the time andp™* the
electric potential field. Following the common approach in stability theory, all the variables are decomposed into a mean steady
part (capital letters) and a superimposed disturbance (unstarred variables). In the steady case, the equations containing only
basic quantities reduce to (cf. [2])
B2 B?
v'-2% v =-2""y, ®)
PV PV
where the primes denote derivatives with respect dmd the boundary conditions correspond to zero velocity at the wall and
Up far from it. TakingUg as the characteristic velocity and the boundary layer thick(®sas the characteristic length, the
solution of (8) corresponds to an exponential velocity profile,

V=V, W)=(1-¢e7%00). 9)

In the case of a solid boundary which is a perfect electrical insulator, the electric currents are restricted or close their path through
the Hartmann layers, aridy is directly proportional to the total electric current flowing through the layers [2], a characteristic
that differentiates them from other boundary layers in classical hydrodynamics and makes their stability properties especially

important.
For the perturbations quantities, Egs. (4), (5) take the form,
du Jdv Jw
— 4+ —+—=0, 10
ox + ay + 0z (10)
d d aU a a
au U—u—i——w—i—VVu— —p—i—szu—zuBz g gDB, (11)
ot 9x 0z ax P p dy
] ad ap ad
L pvwe=—L w2, g2 2% (12)
at 9x ay P p 0x
ow ow op 2
—+U—+VWw=—— Vew, 13
ar Uy TYVWE T v 13
and Egs. (6), (7) give
a a
V= -, (14)
dx  dy

with the boundary conditions that all the perturbations quantities vanish at the wall ane as. In the linear approximation,
the solution of this set of homogeneous equations can be obtained in the form of a superposition of normal modes, that is plane
waves periodic in the andy directions and of constant frequency,

[, v, w, p, j,@1T =[A(2), 9(2), D(2), p(2), j(2), §(2)] &@xHFry—won) ot (15)

wherea and g8 are the streamwise and transverse wavenumberspgrathd ag are the frequency and amplification rate that
arise as eigenvalues of the linear problem. The sigmafetermines whether the amplitude of a mode graws> 0) or decays
(ag < 0) with time.

By making the change of variables

6 =ax + By, (16)
it is possible to adopt a stream functign@, z, r) satisfying
%:au + B, %:—w, (7

so that Egs. (10)—(14) become partially decoupled and an equation for the stream function only is obtained, which in non-
dimensional form is

av2w+aUav2w R2Udy 1 v2y2 192 gy avey  ay V2

-+ = ——— = - — , 18
at 30 2230 " R R 3z2 30 dz dz 90 (18)
where
92 92
Vi= — +k%— and k®=a®+ g2 (19)
872 962
andR is the Reynolds number based on the boundary layer thickgss
Re UgL

R=—, with Re= ——. (20)
Ha v
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The characteristic time, pressure, magnetic field and electric current density scales us;édoare::Ug, B and o UpB,
respectively. The minimum critical Reynolds numh®s corresponds to the minimum value & for which one of the
eigenmodes of the linear problem is unstable (fundamental) and all the rest are damped, for all the vahressof

We take the set of eigenfunctions of the linear equations as a basis for expanding the solution of the nonlinear problem. Near
criticality, all the eigenmodes are damped except for the fundamental which becomes unstable. In the weakly nonlinear approach
it is assumed that the solution of the nonlinear problem near the bifurcation point can be approximated by a perturbation
expansion around this mode. This is in the same spirit of the centre manifold approach [16], which was compared in detail with
the amplitude expansion method by Fujimura [17,18].

Due to the nonlinear terms, the fundamental interacts with itself and its complex conjugate, and with the basic flow. At
first order, this generates a harmonic, a distortion of the basic flow and of the fundamental. We take as the small parameter in
the expansion the magnitude of the fundamental which we now describe as a general functionAf jiraed propose the
expansion

o]

vO.z.0=Y Ay, 1), (21)

n=—oo
wherewq is now replaced by a real functign(z) to allow for changes in the frequency with the amplitude. Since our interest
centres on the real part of the solution, without loss of generality it is possible to set
Yon(z.1) =Yn(z.1), (22)

where the tildes denote complex conjugates. Watson [10] showed that, because the nonlinear terms in (18) are quadratic, as
A — 0they, (z, t) must be either @), forn > 0, or Q(A2), for n = 0, and we can consider an expansion of the form

o0
Un@ 0 =Y A% G (2). (23)

m=0

By the same arguments it is necessary to introduce a Poincaré stretching of the eigenvalues

1da & dy =
T = A L= A (24)

v=0 v=0
Substituting expansions (21), (23) and (24) into (18) and equating terms with equal powérsadfierarchy of ordinary
differential equations for the functiors,,, is obtained, which are of the form

Lpnm — Z[[" +2(m — V)]av - inwv]snff)nmfv = Num, (25)
v=0

whereL, is the linear operator

Ly= i[sﬁ —~ 8—22} —ina[US, —U"], (26)
R 0z
with primes denoting derivatives with respecttand with
2 52
Sp = 92 n°ke. (27)

The nonlinear termd/,,;,, involve functions obtained from previous equations in the hierarchy,

00
Nam= Y N(@pr dgs), (28)
p.g=—00
r,s=0
with
N(opr, ¢qs) = [kzpqzd’prd’;s + P‘l”prd’(% - kzqs‘l”;r(f’qs - qd’};rfﬁffs]’ (29)

and the constraints in the indices

p+q=n, —|p|+|q|2—(p+q)+r+s=m. (30)
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In the present notatiopgg corresponds to the stream function of the steady basic state which is function only cbibrelinate.
Forn > 0 the boundary conditions are

Gnm (0) = Py (0) = dym (00) = ¢y (00) = 0. (1)

At O(A), (25) reduces to a Orr—Sommerfeld type equation with solutipnsin the form of normal modes. Since the
equations and boundary conditions are homogeneous, the solution is determined apart from an arbitrary multiplicative factor that
has to be made definite by imposing a normalisation condition. We chose thigi¢a §ienax= 1. This arbitrary normalisation
determines the value afi but not its sign, and in consequence it does not affect the character of the bifurcation.

At O(A2), the interaction of the fundamental with its complex conjugate results in the first correction to the bagigiflow
and the interaction of the fundamental with itself produces the first harngggic

The first correction to the fundamental appears a1 where the forcing term in (25) now has contributions from the
interaction of the fundamental with the first harmonic and with the correction to the basic flow, and from the first nonlinear term
in expansions (24). For the points on the linear neutral curveagith O the value of:1 can be determined by making use of a

solvability condition. Denoting bxbiro the eigenfunction of the adjoint operator iof,

2 2
T_l 2 ad . ,8

and defining the inner produ¢t) as

(f.8)= / f1(2)81(2) dz, (33)
0

it is readily obtained using the properties of the adjoint operator:

(¢Io, Ni1)

- ) (34)
(910> S1910)

a1 —iwy =

3. Numerical resultsand discussion

Given the extensive numerical calculations involved in obtaining the values;,0find to prevent a dramatic error
propagation, an accurate numerical method had to be used. The hierarchy of ordinary differential equations described in
Section 2 were discretised using the Tau spectral method [19] and expansions in Chebyshev polynomials. The resulting linear
algebra problems were solved using routines from the LAPACK numerical library [20]. The transformation of the semi-infinite
domain into the domain of definition of the Chebyshev polynoniial, 1] was achieved by means of an algebraic mapping,
and the integrals arising from the inner products in the equation for the Landau constant (34) were approximated numerically
with the Clenshaw and Curtis method [21].

We restricted the analysis to two dimensional perturbations because Squire’s theorem [22] applies to this problem and the
minimum critical Reynolds number corresponds to the ¢ase0. The neutral curve for this mode is shown in Fig. 2. Our
calculations yielded a critical Reynolds number of 48257afet 0.16 andwg = 0.025. Lingwood and Alboussiére [4] studied
the linear stability of the Hartmann layer when the magnetic field is not strictly perpendicular to the solid boundary. They found
that for a constant magnitude of the field in theirection, a nonzero component in thelirection (the direction of the flow) has
a very small stabilising effect, while no differences in the stability were found whef tenponent ofB is changed. Given
that the weakly nonlinear analysis is built around the most unstable mode from the linear analysis, and because this appears to
have little dependence on tlieand y components o3, here we restricted the analysis to the case when the magnetic field is
exactly perpendicular to the solid boundary.

At the critical point the weakly nonlinear analysis gives= 52.08 andw; = —28.17, indicating subcritical instability. In
Figs. 3—6 are shown the functions involved in obtaining these values. The distribution in sigmloing the neutral curve is
shown in Fig. 2, where it can be seen that the bifurcation remains subcritical along the upper branch and a part of the lower
branch close to the critical point. This different behaviour in the upper and lower branches was also found in the paradigmatic
cases of plane Poiseuille and Blasius flow [23,24]. The variations in magnitugdeanidw4 along the neutral curve are shown
in Fig. 7. According to (2) the larger the value @f the smaller the magnitude of, necessary for a disturbance to grow
in the subcritical region. This indicates that perturbations of small amplitude can trigger nonlinear effects at an early stage
and consequently laminarisation and transition should occur in the subcritical region. In the proximity of the minimum critical
Reynolds number it was found thag ~ 1.7 x 10-8(48257— R). Assuming that the value af; varies slowly in the proximity
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Fig. 2. Sign distribution ofi; along the linear stability neutral curve. The continuous and dashed lines correspond to supercritical and subcritical
instability respectively.
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Fig. 3. Real and imaginary parts of the eigenfunction of the linear problem (fundamental).

of R, and taking into account the normalisation criterion previously introduced, an estimate is obtained for a lower bound of the

intensity of the perturbation (at the point wheli®, gllmax) corresponding to the finite amplitude unstable equilibrium solution
in the subcritical region:

(w2)Y? ~ 2 x 10-5(48257— R)Y/2, (35)

which shows that very weak disturbances relativ&/gacan trigger nonlinear effects in the subcritical region.

By means of an energetic analysis, which involves the fully nonlinear equations, Lingwood and Alboussiére [4] showed that
the transfer of energy from the basic flow into the disturbance is possible $026. According to Reddy et al. [25] this implies
that infinitesimal disturbances can be amplified for a finite period of time in the linearly stable region, before being eventually
damped. This transient growth, although not exponential but algebraic, has been verified in numerical simulations by Gerard-
Varet [26], who showed that the amplification factor can be as high as 50R £24.000 and oblique waves. The possibility
of such an important growth shows that disturbances of even smaller sizeithean eventually reach such an amplitude
as to activate nonlinear effects and instability. This is compatible with the experimental results that found laminarisation of
magnetically driven flows aR <« R, giving further support to the thesis that stability in these flows is determined by the
Hartmann layers and nonlinear effects. It is also to be expected that transition from the laminar to a turbulent state will be
initiated at subcritical values at, although no experimental results are available at present for comparison.
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Fig. 7. Distribution ofa; (a) andwq (b) along the neutral curve.
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